Owing to non-constant curvature and a handle structure, it is not easy to imagine intuitively how flows with vortex structures evolve on a toroidal surface compared with those in a plane, on a sphere and a flat torus. In order to cultivate an insight into vortex interactions on this manifold, we derive the evolution equation for N-point vortices from Green's function associated with the LaplaceBeltrami operator there, and we then formulate it as a Hamiltonian dynamical system with the help of the symplectic geometry and the uniformization theorem. Based on this Hamiltonian formulation, we show that the 2-vortex problem is integrable. We also investigate the point vortex equilibria and the motion of two-point vortices with the strengths of the same magnitude as one of the fundamental vortex interactions. As a result, we find some characteristic interactions between point vortices on the torus. In particular, two identical point vortices can be locally repulsive under a certain circumstance.
Introduction
Beautiful fluid evolutions produced by interactions of vortex structures fascinate every one of us. In order to understand those evolutions theoretically, researchers make their best endeavour to describe such vortex interactions using mathematical models. One of the simplest models is the point vortex model, where the flow is assumed to be incompressible and inviscid in a twodimensional (2D) space and the vortex structures are approximately represented by a set of discrete pointwise singularities, i.e. δ-functions. The governing equation of point vortices is usually described by a finite dimensional Hamiltonian dynamical system, which is more amenable to mathematical and computational treatments than infinite-dimensional fluid equations such as Euler and Navier-Stokes equations. Thanks to this advantage, point vortex dynamics has been used to reveal many fundamental vortex interactions underlying complex fluid evolutions. Many references in this literature are found, for instance, in the books by Saffman [1] and Newton [2] .
The motion of point vortices is not only considered in the unbounded plane, but it is also extended to that on 2D curved surfaces with various geometric features. The evolution equation of point vortices on the surface of a sphere has been formulated by Bogomolov [3] and Kimura & Okamoto [4] , which often contributes to theoretical descriptions of planetary flows on a sphere (e.g. [5, 6] ). There are various generalizations to point vortex dynamics on 2D manifolds. Kimura [7] provided a mathematical formulation for point vortex dynamics on surfaces with constant curvatures including a plane, a sphere and a hyperbolic plane in a unified manner. The effect of curvature of flow domains on a vortex motion on curved surfaces has been investigated in [8] . Hally [9] showed the existence of a generalized vortex stream function on symmetric surfaces of revolution on which the stability of vortex streets was investigated. Based on a mathematical framework for point vortex dynamics [10] on 2D Riemannian surfaces, Dritschel & Boatto [11] have recently investigated point vortex dynamics on 2D surfaces conformal to the unit sphere. Point vortex dynamics in multiply connected planar domains [12] is applied to many physical and engineering problems such as an ocean flow [13] and an efficient force-enhancing wing design [14] . The stability of Kármán vortex streets [1] and exotic vortex wakes behind an oscillating bluff body [15] are examined with point vortex models with a periodic boundary condition. The preceding research clearly show that point vortex dynamics on 2D surfaces reveals a connection between the geometry of flow domains and fluid evolutions there.
The purpose of the present paper is exploring interactions between point vortices on a toroidal surface, which is a compact, orientable 2D Riemannian manifold with non-constant curvature and one handle. It is of theoretical interest to investigate whether this geometric nature of the torus gives rise to different vortex interactions that are not observed in vortex dynamics considered in the past. In particular, a comparison with the vortex dynamics on a 'flat' torus [16] , which is an unbounded 2D plane with a doubly periodic boundary condition, elucidates the effect of the existence of variable curvature and one handle on point vortex dynamics. Flows on the torus are not only an intrinsic theoretical extension in the field of classical fluid mechanics, but they also acquire a potential applicability to modern physics such as quantum mechanics and flows of superfluid films as discussed by Turner et al. [17] . For instance, a vector field of superfluid confined in a thin film on a toroidal surface has been constructed analytically [18] . In addition, a numerical solution of a two-phase flow with a sharp interface on a torus has been presented in [19] . Interestingly, on the other hand, it is pointed out that point vortex equilibria on compact Riemannian surfaces have a link with a combinatorial problem. In [20] , it was found that most vortex equilibria on the spherical surface give rise to optimal packing configurations of spherical caps on the sphere. Likewise, one can consider such a certain combinatorial optimal packing problem of the torus in connection with point vortex equilibria using their evolution equations derived in this paper.
In this paper, we build up the equation for N-point vortices, which we call the N-vortex problem, on a toroidal surface. We follow the mathematical formulation provided by Dritschel & Boatto [11] and make the best use of an excellent analytic expression of Green's function on the toroidal surface given by Green & Marshall [21] . As far as we are concerned with the N-vortex problem on 2D manifolds with constant curvatures, the evolution equation is easily formulated as a Hamiltonian dynamical system, since it is sufficient to follow the standard technique of the classical mechanics. That is to say, choosing one fixed Darboux's chart by which the Poisson bracket is defined, we naturally formulate the N-vortex problem as a Hamiltonian dynamical system. Any property is independent of the choice of those local charts. However, if we apply the same procedure to general 2D Riemannian manifolds, where one can choose local charts in many ways, some of the mathematical results may depend on the choice of those charts. In order to avoid this problem, we derive the equation of the N-vortex motion on those Riemann manifolds based on the theory of symplectic geometry [10] . That is to say, we find a symplectic form and we then introduce an almost complex structure corresponding to a Hamiltonian flow with respect to the isothermal chart.
Interaction between two-point vortices, namely the 2-vortex problem, is one of the most fundamental topics in the theory of vortex dynamics. When two-point vortices are placed in 2D manifolds with constant curvatures, their relative distance remains unchanged throughout the evolution and their evolutions form relative vortex equilibria. However, it is not easy to describe the evolution of two-point vortices on 2D manifolds with variable curvature such as surfaces of revolution including the toroidal surface. It is also difficult to imagine the evolution of two-point vortices on the torus intuitively due to the existence of one handle. On the contrary, it is even uncertain whether we can define the motion of two-point vortices globally in time. In this paper, to answer these basic questions, we focus on the following two fundamental cases to cultivate our insight into vortex interactions on the toroidal surface. One is a vortex dipole, which is a pair of point vortices whose strengths have the same magnitude but the directions are opposite. In the case of the flat torus, the vortex dipole drifts along its geodesic at a constant speed as a pair. The other is the motion of identical point vortices with the same vortex strengths. When they are considered in the flat torus, they are co-rotating around their centre point without changing their relative distance. However, because the torus has non-constant curvature and one handle, it is non-trivial whether or not identical two-point vortices still exhibit the same evolution, which is examined in this paper.
The paper consists of five sections. In §2, we review a general mathematical formulation of the N-vortex problem on 2D Riemannian manifolds M with the metric g based on the hydrodynamic Green's function introduced by Lin [22, 23] . We derive, in §3, the evolution equation for N-point vortices containing non-local and nonlinear terms. In the construction of the equation, the analytic representation of Green's function on the toroidal surface by Green & Marshall [21] plays a crucial role. We then show that the equation can be formulated as a finite dimensional Hamiltonian dynamical system, thereby we discuss the integrability of the Hamiltonian system. After providing some point vortex equilibria in §4a, we investigate the motion of a vortex dipole and a pair of identical point vortices in §4b. The last section gives a summary. In appendix A, we show the invariance of the Hamiltonian with respect to some transformations of variables.
Formulation of vortex dynamics on 2D Riemannian manifolds
For a given orientable 2D Riemannian manifold (M, g), where g is the Riemannian metric on M, we consider the following special Green's function G H associated with (M, g) satisfying
in the sense of distributions and the reciprocity condition,
where and δ ζ 0 denote the Laplace-Beltrami operator and the dirac function at a point ζ 0 on (M, g), respectively. Lin [22, 23] has shown the unique existence of this function, which is referred to as the hydrodynamic Green's function, in the plane. The hydrodynamic Green's function on a toroidal surface is constructed from Green's function provided by Green & Marshall [21] in the next section. Here, we use an unconventional notation instead of (− ) as the Laplace operator following Green & Marshall [21] , since we make use of their result to avoid notational confusions. However, we note that the results of this paper hold true regardless of the notation of the operator. We follow the mathematical formulation of point vortex dynamics on closed surfaces by Dritschel & Boatto [11] . For a given vorticity distribution ω, the stream function ψ satisfies the Poisson equation, ψ = −ω. Equivalently, it is written in terms of Riemannian volume form μ as follows: For N-point vortices located at ζ j ∈ M with their strengths Γ j ∈ R for j = 1, . . . , N, the vorticity distribution ω and the stream function (2.2) are represented by
The Robin function R(ζ m ) is defined from the hydrodynamic Green's function by
where d(ζ , ζ 0 ) denotes the distance between ζ and ζ 0 ∈ T 2 whose definition is provided in remark 2.1. According to [11] , introducing the modified stream function on the Riemannian surface, called Kirchhoff-Routh path function as in the planar case by Lin [22, 23] ,
we can derive the evolution equation for the point vortex located at ζ m as follows: Then, for any ζ , ζ 0 ∈ T 2 , the distance associated with the metric g is defined by
3. The N vortex problem on a toroidal surface . Following their formulation and choice of notation, we derive the equation of motion for N-point vortices on the torus. Let T R,r denote the toroidal surface in which R is the distance from the centre of the tube to the centre of the torus and r is the radius of tube with R > r > 0 being fixed. Its metric g is induced from that of the 3D Euclidean space as follows:
We simply identify the torus T R,r with T 2 unless the otherwise is stated. When we introduce some reals as
where ρ is regarded as the modulus of the torus. Note that α > 1, A > 0, c < −1 and ρ ∈ (0, 1). A complex coordinate ζ to the torus is defined by 
Note that when a point on the torus is going in the longitudinal direction, i.e. θ → θ + 2π , then the complex representation (3.1) induces the transformation ζ → ρζ . We also introduce another important complex variable η as
which satisfies |η| = 1 andη = η −1 . The conformal factor λ(ζ ,ζ ) associated with the metric g is represented by
As (3.11) of [21], for convenience, let us recall some useful expressions of R − r cos θ in terms of η as follows:
, (3.4) in which we use the following relations c + c −1 = −2α (<−2) and c − c
Let us remark that, in what follows, the variables ζ , η, θ and φ will sometimes appear simultaneously in a given formula and thus no confusion should arise. These variables can be converted with each other through the relations (3.1) and (3.2) anytime. Green & Marshall [21] provide an explicit formula of Green's function satisfying (2.1) on the torus as follows:
where
Here P(ζ ) is the Schottky-Klein prime function for the concentric annulus, ρ < |ζ | < 1 [24] , and Li 2 (ζ ) denotes the dilogarithmic function
where a branch cut is chosen along [1, ∞) to make it single-valued and it is easy to see Li 2 (ζ ) = Li 2 (ζ ) for |ζ | < 1. While Green's function is a solution of the Laplace equation (2.1), it is uncertain if it holds the reciprocity condition. Before discussing it, we show the following proposition.
Then we have the following.
(i) The relations between ς (η) and ξ (η) are given by
(ii) The functions ς (η) and ξ (η) are real-valued. In terms of θ, they are represented by 
On the other hand, it follows from c ∈ R andη = η −1 that
This leads to
Substituting (3.10) and (3.11) into (3.7), we have
Hence, we obtain 
For (ii), using (3.4) and c(η
This yields
Integrating from 0 to θ , we have αθ − sin θ = 8π 2 αξ (η) owing to ξ (0) = 0. Consequently, we have the following expression of ς (η) as a function of θ:
is not symmetric with respect to their arguments, we need to extend it to the hydrodynamic Green's function and we then obtain the Robin function as follows.
Proposition 3.2. The hydrodynamic Green's function for the toroidal surface T R,r is represented by
G H (ζ , ζ 0 ) = G(ζ , ζ 0 ) + S(ζ 0 ) for ζ , ζ 0 ∈ M,
where S(ζ ) is expressed as a function of θ as follows:
Proof. Since S(ζ 0 ) is a constant function for ζ ∈ M, it is easy to see G H (ζ , ζ 0 ) satisfies the equation (2.1). Owing to (3.5), (3.9) and (3.14), the reciprocity condition is confirmed as follows: 
Proof. We first calculate the geodesic
The last equality is justified, since o(|ζ − ζ 0 | 2 ) depends continuously on s. On the other hand, for any smooth curve (s) in T 2 ,
Taking the infimum of
. Then we have the result.
Since the left-hand side of (2.5) for the complex coordinate (3.1) becomes 
Hence, it is necessary to calculate the real and imaginary parts ofζ m (∂ψ m /∂ζ m ) for the modified stream function (2.4). The following proposition accomplishes this task.
Proof. Owing to (3.8) and (3.9), we have 
Integrating it from 0 to θ with η(0) = exp(0) = 1, we obtain
Accordingly, owing to (3.4) and (3.21), we have
sin θ.
The derivative of S(ζ ) is calculated as follows:
Combining (3.8), (3.9), (3.22) and (3.23), we obtain
Since it is real-valued, we have ζ (∂R/∂ζ ) =ζ (∂R/∂ζ ).
We now derive the evolution equation for N-point vortices.
Theorem 3.5. Evolution of the mth vortex in the complex coordinate of (θ m , φ m ) is described by
and Proof. Let us recall log |ζ | = r c (θ ). Owing to (3.18) and (3.19) , the imaginary and real parts of
It follows from (3.17) that we have 26) which yields the result.
Using equation (3.24) for θ m , we find an invariant quantity. Proof. The infinite product (3.6) of P(ζ ) and the definition of K(ζ ) yield the following expression for K(ζ m /ζ j ) as an infinite summation:
With this expression, we can easily show
from which we have
When a single-point vortex with the vortex strength Γ is initially located at (θ 1 (0), φ(0)) = (Θ 0 , Φ 0 ) on the torus, it follows from equations (3.24) and (3.25) that we haveθ 1 = 0 anḋ
Therefore, θ 1 (0) = Θ 0 and φ 1 (t) = Φ 0 + V(Θ 0 )t is the solution to the equations, where the singlepoint vortex is drifting around the longitude θ = Θ 0 at the constant speed V(Θ 0 ).
(b) Hamiltonian formulation
In order to formulate the point vortex model on a general curved orientable 2D manifold (M, g) as a Hamiltonian system, we need to introduce a suitable symplectic structure on the manifold. Following the ideas by Boatto & Koiller [10] with the notations of Cannas da Silva [25] and Lee [26] , we reformulate the evolution equation for N-point vortices in the previous section as a Hamiltonian dynamical system. For those who are unfamiliar with mathematical concepts and definitions of symplectic geometry given here, refer to the standard text of this subject by Holm [27] for instance. The mathematical formulation relies on the uniformization theorem. That is to say, there exists an isothermal chart {U, (x 1 , x 2 )} on (M, g) such that we can define an almost complex structure on (M, g). Define a smooth transformation J : TM → TM by
in the isothermal chart {U, (x 1 , x 2 )} at p ∈ U. It is easy to see that J p : T p M → T p M is linear for all p ∈ M and J 2 p = −id. Hence, J is an almost complex structure on (M, g). Let us then define a
Since ω is non-degenerate closed 2-form on M, it is a symplectic form on M. In particular, it is easy to see ω is also a Riemannian volume form on M. 
Since ω is a symplectic form, so is ω N on Q N . Hence, (Q N , ω N ) becomes a symplectic manifold. We now define the Hamiltonian function as follows. Proof. Since it is easy to see H ∈ C ∞ (Q N ), (Q N , ω N , H) becomes a Hamiltonian system. Describing ω N and X H in the isothermal coordinate (x m,1 x m,2 ) as
Theorem 3.7. Let a function H on Q N be defined by
we obtain, for all m = 1, . . . , N,
On the other hand, since X H is a Hamiltonian vector field of
In the third equality, we use the reciprocity condition. Similarly, we have
Consequently, we obtain the coordinate representation of X H :
Corollary 3.8. As long as the solution exists, the Hamiltonian function H is invariant in time, namely,
Proof. Using Cartan's magic formula, we compute
Let us recall again that, for any smooth function f ∈ C ∞ (M), we define the Hamiltonian vector field X f of f by ω(X f , Y) = −Yf for any Y ∈ TM. Then, the Poisson bracket { f , g} ∈ C ∞ (M) between two functions f , g ∈ C ∞ (M) is defined by {f , g} = X g f . As a matter of fact, the invariant quantity I N in proposition 3.6 is a first integral of (Q N , ω N , H), since for any p ∈ M,
Consequently, the system (Q 2 , ω 2 , H) possesses two integrals I 2 and H in involution, say {I 2 , H} = 0 for N = 2, which shows (Q 2 , ω 2 , H) is integrable. 
Steady vortex configurations on a toroidal surface
In vortex dynamics, there are two notions of steady configurations, which are fixed equilibria and relative equilibria. Fixed equilibria are configurations of point vortices that never change their locations. On the other hand, when the point vortices evolve without changing their mutual distances, we refer the configuration to as a relative equilibrium. In what follows, we obtain some equilibria of point vortices on T R,r based on equations (3.24) and (3.25).
(a) Antipodal equilibria
The four points (θ, φ) = (0, 0), (0, π ), (π , 0) and (π , π ) are the antipodes of the torus. In the complex representations, they are given by ζ 1 = 1, ζ 2 = e iπ = −1, ζ 3 = exp r c (π ) = e −πA = √ ρ and ζ 4 For the pair (ζ 1 , ζ 2 ), owing to ζ 1 /ζ 2 = ζ 2 /ζ 1 = −1 and (3.27), we have
Hence, the right hand side of the equation (3.25) for φ m also vanishes for any Γ 1 and Γ 2 , which indicates that the pair of vortex points at ζ 1 and ζ 2 forms a fixed equilibrium. Since ζ 1 /ζ 3 = 1/ √ ρ when we put the point vortices at ζ 1 and ζ 3 , we have
Here, we use (3.27) and the following quasi-periodicity of the function K(ζ ): 
Applying the same argument to the other pairs chosen from ζ 1 , ζ 2 , ζ 3 and ζ 4 , we conclude that any two-point vortices with arbitrary vortex strengths placed at the antipodes ζ m for m = 1, 2, 3, 4 become fixed equilibria. 
and for even N = 2M, owing to ζ m /ζ m+M = −1,
which yieldsθ m = 0 for all m. Regardingφ m , it follows from (3.27), αθ m − sin θ m = αΘ 0 − sin Θ 0 and 
(c) Pairs of M-vortex rings
Suppose that two M-rings with the vortex strengths of the opposite signs are aligned along two different longitudes that are symmetric with respect to the innermost longitude, namely Θ 1 and Θ 2 with Θ 1 + Θ 2 = 2π . Then, one can obtain the following two configurations of N = 2M point vortices with the vortex strengths Γ 2m−1 = Γ and Γ 2m = −Γ :
and take the origin of the longitudinal variables so that φ 1 (0) + φ 2 (0) = 0 without loss of generality. Under this initial configuration, we will see that φ 1 (t) + φ 2 (t) = 0 holds for t ∈ R as follows. Their complex representations are given by ζ 1 = e iφ 1 exp r c (θ 1 ) and ζ 2 = e iφ 2 exp r c (θ 2 ). Provided that θ 1 (t) = θ 2 (t) = Θ 0 and φ 1 (t) + φ 2 (t) = 0 are satisfied, then we have ζ 1 /ζ 2 = ζ 2 /ζ 1 = e 2iφ 1 and αθ m − sin θ m = αΘ 0 − sin Θ 0 . We thus obtain φ 1 (t) + φ 2 (t) = 0 for t ∈ R, since
With θ 2 (t) = θ 1 (t) and φ 2 (t) = −φ 1 (t), the Hamiltonian (3.28) is reduced to
Since the Hamiltonian H(θ 1 (t), φ 1 (t)) is a finite constant when φ 1 (t) = 0 for any t ∈ R, we show that the evolution of the vortex dipole is defined globally in time. The point vortex at (θ 1 , φ 1 ) with the positive strength is represented by a point in this phase space. The point moves along a level curve of H as the point vortex evolves, since the Hamiltonian is a conserved quantity throughout the evolution. The vortex point at (θ 2 , φ 2 ) with the negative strength evolves following the relations θ 2 (t) = θ 1 (t) and φ 2 (t) = −φ 1 (t). Since the Hamiltonian is invariant with respect to the transformation θ m → θ m + 2π as shown in proposition A.1 in appendix A, the level curves connecting the boundaries θ 1 = 0 and θ 1 = 2π correspond to periodic orbits. This figure tells us that when the vortex dipole is placed closed enough to the meridians φ = 0 and φ = π , the vortex dipole moves along their meridians with keeping their mutual distance almost unchanged. The propagation speed diverges as their initial configuration is getting closer to the meridians φ = 0 and π , whereas the propagation directions are opposite. In both of the limit cases, the evolutions are going along the geodesic, which are similar to those in the flat torus. On the other hand, as the two-point vortices are separated initially, we observe non-trivial evolutions. When they are in the antipodal positions (θ 1 , φ 1 ) = (0, π/2) and (π , π/2), which are plotted as black filled circles in the figure, they are fixed equilibria as discussed in §4a. This is in contrast to the non-existence of vortex-dipole fixed equilibria in the flat torus. The topological structure of the level curves indicates that the vortex dipole at the innermost antipode at (0, π/2) is a unstable saddle connected by homoclinic orbits, and the outermost antipodal vortex dipole at (π , π/2) becomes an elliptic centre. There are closed curves around the elliptic centre that correspond to periodic evolutions of the vortex dipole turning around and going back to the initial configuration. These periodic evolutions are uniquely phenomena observed for the vortex dipole on the torus not in the flat torus. In addition, the existence of the homoclinic orbits separating the phase space is the reason why the propagation direction of the vortex dipole changes near the meridians φ = 0 and π .
We consider another initial configuration of the vortex dipole given by (4.2) with M = 1, say θ 1 (0) = 2π − θ 2 (0) = Θ 1 and φ 1 (0) = φ 2 (0). Then the vortex dipole is symmetric with respect to the innermost and the outermost longitudes, they become relative equilibria and move along the same latitude in the longitudinal direction as we see in §4c. However, we no longer havė φ 1 −φ 2 = 0 when their initial configuration deviates from this symmetric displacement. Hence, we expect the vortex dipole could lose its coherence. On the other hand, the 2-vortex problem is integrable and the Hamiltonian is thus regarded as a function of θ 1 and Φ = φ 1 − φ 2 , since θ 2 is determined from θ 1 with using the first integral I 2 . Accordingly, we can observe the evolution of the vortex dipole by simply plotting the level curves of the Hamiltonian H(θ 1 , Φ) . The initial configuration of the vortex dipole is chosen as
where ϑ is a parameter. This configuration is obtained by rotating the M-dipole configuration (4.2) with M = 1, which we refer to as the base state at Θ 1 , by the magnitude −ϑ in the θ-direction along the meridian. We note that it is sufficient to consider ϑ in the range of [0, π ], since the invariant I 2 and the Hamiltonian H are invariant with respect to the transformations θ m → 2π − θ m and Γ m → −Γ m for all m owing to proposition A.2 in appendix A. Figure 2 shows the level curves of the Hamiltonian H(θ 1 , Φ) for the initial vortex dipole configuration (5.2) with the base state at Θ 1 = 5π/6 on the torus of R = 1 and r = 0.5. The rotational angle ϑ is chosen as ϑ = 0, π/4, π/2, 3π/4 and π , whose level curves are shown in figure 2a-e, respectively. In each panel, the initial configuration is symbolized as a white circle located on the line Φ = 0 and the level curve with the same Hamiltonian value as the initial configuration is drawn as a thick curve. For ϑ = 0 in figure 2a, where the vortex dipole is symmetric with respect to the outermost longitude, the configuration is represented as an elliptic fixed point in the phase space (θ 1 , Φ). This indicates that when we perturb the configuration initially by a sufficiently small magnitude in any direction, the vortex dipole changes their relative distance periodically. In the middle line Φ = π , we observe two saddle and two elliptic fixed points, each of which corresponds to a staggered relative equilibrium (4.3) with M = 1. As ϑ increases from π/4 to 3π/4, where the initial configuration deviates from the symmetric configuration, the vortex dipole is no longer a relative equilibrium and it evolves with changing their relative distance periodically. We still observe four staggered relative equilibria for ϑ = π/4 and π/2, while the number is reduced to two when ϑ = 3π/4. The topological structure of level curves shows that each level curve is either a closed orbit or a curve connecting the boundaries θ 1 = 0 and θ 1 = 2π . Remembering that both θ 1 and θ 2 increase simultaneously owing to the invariance of I 2 under the constraint Γ 1 = −Γ 2 = Γ , we find a difference between the evolutions of the vortex dipole corresponding to these two different level curves. For a level curve connecting θ 1 = 0 and θ 1 = 2π , the vortex dipole rotates in the meridional direction once until it returns to the initial relative configuration. On the other hand, for a closed curve, the evolution of the vortex dipole is periodic but it does not rotate around the meridian. When the initial vortex dipole configuration is rotated by ϑ = π as in figure 2e , the vortex dipole regains its symmetry with respect to the innermost longitude, and it becomes a saddle fixed point connected by a homoclinic orbit. Consequently, when perturbations are added to the symmetric vortex dipole in the Φ-direction, it rotates around the meridian once in one period, while it is not the case for perturbations in the θ-direction. The existence of the two different periodic evolutions with/without moving around the meridian is characteristic phenomenon, whereas the vortex dipole does not lose its coherence throughout the evolutions in both cases. Let us finally remark that we have the similar results as observed above for the other base states Θ 1 , which are not shown here to avoid redundancy. 
(b) Motion of identical vortex pair
In 2D spaces with constant curvatures, two identical point vortices with the same vortex strength co-rotate around their centre point at a constant speed and the configuration thus becomes a relative equilibrium. We here examine how the two identical point vortices evolve when we put them on the toroidal surface by observing the level curves of the Hamiltonian H(θ 1 , Φ) as we have done in the previous subsection. We set Γ 1 = Γ 2 = 1 and the dimension of the torus to be R = 1 and r = 0. Figure 3a-h shows the level curves of the Hamiltonian H(θ 1 , Φ) with the same value of I 2 as the initial configuration (5.2) of two identical point vortices for the parameter ϑ ranging from ϑ = 0 to 7π/4, respectively. The initial configuration is represented as a white circle at Φ = 0, which indicates that the identical vortex pair exhibits a periodic evolution. It is not a relative equilibrium, since their distance changes periodically. For the level curve containing the white circle is a closed orbit, the vortex pair does not rotate around the meridian when they restore the initial configuration after one period. We observe that level curves are classified into closed curves and those connecting the boundaries θ 1 = 0 and θ 1 = 2π as in the vortex-dipole case. The motion of the vortex pair corresponding to a closed level curve exhibits a co-rotating periodic orbit, which is a similar evolution as the vortex dipole in the flat torus. On the other hand, for a connecting level curve, the point vortex at θ 1 (t) rotates around the meridian in one direction, while the point vortex at θ 2 (t) does in the opposite θ-direction owing to the invariance of I 2 under the constraint Γ 1 = Γ 2 , which means that the interaction between two identical point vortices is regarded as repulsive locally in the sense that the identical point vortices are moving in the opposite directions and they thus separate away. In each panel of figure 3 , the white circle is located in the neighbourhood of a saddle point, which indicates that small perturbations to the initial configuration give rise to such repulsive interactions between a pair of identical point vortices. This is a non-trivial vortex interaction that is not observed in 2D manifolds of constant curvatures.
Conclusion
Our contributions are summarized as follows. First, we successfully derive the evolution equation of N-point vortices on the toroidal surface T R,r in a closed form of the toroidal coordinates (θ m , φ m ), which contains non-local and nonlinear terms in terms of θ m . In its derivation, the extension of Green's function by Green & Marshall [21] to the hydrodynamic Green's function, say restoring the reciprocity relation in other words, is a key device. In spite that there exists no solid boundary in the torus, the Robin function is essentially included in the Hamiltonian. The equation can be formulated as a Hamiltonian dynamical system. For general compact 2D Riemannian manifolds, the choice of specific local charts may affect the mathematical formulation. However, the existence of the isothermal coordinates that is assured by the uniformization theorem makes it possible to justify this formulation mathematically. As a result, we show that the 2-vortex problem is integrable, which corresponds to the invariance of torus with respect to the longitudinal rotation. Note that Hally [9] has provided another Hamiltonian formalism of point vortex dynamics on surfaces of revolutions including the toroidal surface, which may give rise to a consistent result with ours locally in terms of an isothermal chart.
Second, using the evolution equation for N-point vortices, we consider equilibrium configurations of point vortices, and we then examine the interactions between two-point vortices with the same magnitude of vortex strengths. We have found the antipodal fixed equilibria, which are analogues of that observed on the surface of a sphere. speed. Since the 2-vortex problem is integrable, one can investigate the motion of two-point vortices by plotting level curves of the Hamiltonian with I 2 being constant. Periodic orbits are topologically classified into two categories; one is rotating around the meridional direction once during one period of their evolution, the other is not. With regards to the vortex interactions, we have found a difference between the motion of a vortex dipole and that of a pair of identical point vortices. Note that the staggered M-ring configurations are different from those considered by Hally [9] . A vortex dipole propagates together without losing its coherence as a pair albeit the periodic change of their relative distance. On the other hand, the interaction between two identical point vortices can be locally repulsive under a certain circumstance, since one of the point vortices is going around the meridian in one direction and the other one does in the opposite direction. Consequently, they lose their coherence during one period of the evolution. The evolutions of the two-point vortices rotating around the meridian are characterized in terms of the fundamental group of the torus with one handle, Z 2 . Let g θ and g φ denote its generators corresponding to the meridional and the longitudinal loops, respectively. When we only consider the meridional variations of the two-point vortices in one period, the trajectory of each point vortex forms a closed loop on the torus. The trajectories of a vortex dipole give rise to loops that are both homotopic to g θ , while the loops generated by the two identical point vortices are homotopic to g θ and g −1 θ , respectively. Let us finally note that each loop generated by the evolution of a point vortex in the N-ring including a single-point vortex case with N = 1 is homotopic to g φ when it returns to its initial location, since it just rotates around the longitudinal direction.
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Appendix A. Invariance of the Hamiltonian
We examine the invariance of the Hamiltonian under some transformations. Let us first confirm the periodicity of the functions G H (ζ , ζ 0 ) and R(ζ ) with respect to ζ → ρζ . Proof. By the definition of the Hamiltonian H and the reciprocity condition of G H , it is sufficient to show that G(ρζ , ζ 0 ) = G H (ζ , ζ 0 ) and R(ρζ ) = R(ζ ) for any ζ , ζ 0 ∈ T R,r . Let us recall P(ρζ ) = −P(ζ )/ζ , which yields that
Recalling that ζ → ρζ is equivalent to θ → θ + 2π , we have 
